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IMPROVED BOUND ON SETS INCLUDING NO SUNFLOWER
WITH THREE PETALS
JUNICHIRO FUKUYAMA
Abstract. A sunflower with k petals, or k-sunflower, is a family of k sets
every two of which have a common intersection. The sunflower conjecture
states that a family F of sets each of cardinality at most m includes a k-
sunflower if |F| ≥ cmk for some ck ∈ R>0 depending only on k. The case
k = 3 of the conjecture was particularly emphasized by Erdo¨s, for which
Kostochka’s bound cm!
(
log log logm
log logm
)m
on |F| without a 3-sunflower has been
the best-known since 1997. This paper further improves it into
(
cm
3/4
)m
.
1. Motivation and Approach
In this paper we prove the following theorem.
Theorem 1.1. There exists c ∈ R>0 such that for every m ∈ Z≥1, a family F of
sets each of cardinality at most m includes a 3-sunflower if |F| ≥
(
cm
3
4
)m
. 
It asymptotically updates Kostochka’s bound [1, 2] that has been the best-known
related to the three-petal sunflower problem noted in [3]. The rest of this section
describes its proof approach.
1.1. l-Extension of a Family ofm-Sets. Let the universal setX have cardinality
n. Denote a subset of X by a capital alphabetical letter. It is an m-set if its
cardinality is m. Use the standard notation [p]
def
= [1, p]∩Z for p ∈ Z, and (X′m) def=
{U : U ⊂ X ′, |U | = m} for X ′ ⊂ X . For F ⊂ (Xm), let
F [T ] def= {U : U ∈ F , U ⊃ T } .
The l-extension of F for l ∈ [n]− [m] is defined as
Ext (F , l) def=
{
T : T ∈
(
X
l
)
, and ∃U ∈ F , U ⊂ T
}
.
It is shown in [4] that
(1.1) |Ext (F , l)| ≥
(
n
l
){
1−m exp
[
−(l −m+ 1)|F|
8m!
(
n
m
)
]}
,
for any nonempty F ⊂ (Xm) and l ∈ [n] − [m]. The result means that an n-vertex
graph G with k edges contains at most
⌊
2
(
n
l
)
exp
[
− (l−1)k8n(n−1)
]⌋
cliques of size l: let
the vertex set of G be X , and F be the set of non-edges in G regarded as a family
of 2-sets. Then Ext (F , l) equals the family of l-sets each not a clique of size l in
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G, which means the claim. Similar facts can be seen for m-uniform hypergraphs
for small m such as 3.
1.2. Existence of a Bounded Set T with Dense Ext (F [T ], l). An (l, λ)-
extension generator of F is a set T ⊂ X such that
|Ext (F [T ], l)| ≥
(
n− |T |
l − |T |
)(
1− e−λ) ,
where λ ∈ R>0, and e = 2.71... is the natural logarithm base. If λ is much larger
than a constant, the l-sets in Ext (F [T ], l) form a vast majority of (Xl )[T ], the
family of l-sets containing T .
We have a fact shown in [5].
Theorem 1.2. (Extension Generator Theorem) There exists ǫ ∈ (0, 1) satisfying
the following statement: let X be the universal set of cardinality n, m ∈ [n], l ∈ [n]−
[m], and λ ∈ (1, ǫlm2 ) . For every nonempty family F ⊂ (Xm), there exists an (l, λ)-
extension generator of F whose cardinality is at most [ln (nm)− ln |F|]/ ln ǫlm2λ .

We will also confirm it in Section 2. The theorem could help us understand the
structure of Ext (F , l): for some large family F , we could find bounded sets
T1, T2, . . . , Tk such that Ext (F , l) is close to
⋃
i∈[k]
(
X
l
)
[Ti].
In addition, an alternative proof has been shown [5] with the theorem that the
monotone complexity of detecting cliques in an n-vertex graph is exponential. For
any given polynomial-sized monotone circuit C for the k-clique problem (k = nǫ
for some constant ǫ ∈ (0, 1)), the proof explicitly constructs a graph containing no
k-clique for which C returns true. The standard method to show the exponential
complexity uses the sunflower lemma or its variant with random vertex coloring
[6, 7].
1.3. To Show Theorem 1.1. Given F ⊂ (Xm) wlog, we first parition X into equal
sized disjoint sets Z1, Z2, . . . , Zr (r = Θ( 4
√
m)) such that |U ∩Zj | = m/r for every
j ∈ [r] and many U ∈ F . Find such Zj by the claim we show in Section 3. Then
we will inductively construct three families Fi (i ∈ [3]) of U for each j such that
Ui∩
⋃
j′∈[j] Zj′ are mutually disjoint for any three Ui ∈ Fi. The recursive invariant
is verified by claims closely related to Theorem 1.2, which we will prove in the next
section.
2. Proofs of Theorem 1.2 And Additional Facts
2.1. Inequalities on Binomial Coefficients. Let
(2.1) s : (0, 1)→ (0, 1), t 7→ 1−
(
1− 1
t
)
ln(1− t).
By the Taylor series of ln(1− t), the function is also expressed as
(2.2) s(t) = 1 +
(
1− 1
t
)∑
j≥1
tj
j
= 1 +
∑
j≥1
tj
j
−
∑
j≥0
tj
j + 1
=
∑
j≥1
tj
j(j + 1)
.
In this paper a binomial coefficient
(
x
y
)
is assumed to vanish when y < 0 or y > x.
With the function s, we have the following double inequality.
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Lemma 2.1. For x, y ∈ Z>0 such that x < y,
1
12x+ 1
− 1
12y
− 1
12(x− y) < z <
1
12x
− 1
12y + 1
− 1
12(x− y) + 1 ,
where z = ln
(
x
y
)
− y
[
ln
x
y
+ 1− s
(y
x
)]
− 1
2
ln
x
2πy(x− y) . 
The lemma is confirmed in Appendix. It derives the standard estimate of a
binomial coefficient, i.e.,
(2.3)
(
x
y
)
<
(
ex
y
)y
,
for every x, y ∈ Z>0, due to −ys
(
y
x
)
+ 112x < 0 from (2.2) and
x
2πy(x−y) < 1. The
lemma also implies:
Lemma 2.2. For every x, y ∈ Z>0 such that x ≥ 3y, and j ∈ [0, y) ∩ Z,∣∣∣∣ln
(
x
y
)
− ln
(
x− y
y − j
)
− j
(
ln
x
y
+ 1
)
−
(
y − j + 1
2
)
ln
(
1− j
y
)∣∣∣∣
<
3y
2x
(j + 2y ln 2) +
1
4
+
1
2
ln
3
2
. 
Its proof is given in Appendix as well.
2.2. The Key Claim. Fix a given family F ⊂ (Xm) weighted by w : F → R≥0.
Call
‖G‖ def=
∑
U∈G∩F
w (U)
size of G ⊂ (Xm), and
κ (F) def= ln
(
n
m
)
− ln ‖F‖
sparsity of F . The family F is said to satisfy the Γw (b)-condition (b ∈ R>1) if
‖F‖ > 0, and ∑
U,V∈F
|U∩V |=j
w(U)w(V ) ≤ ‖F‖2
(
m
j
)
b−j,
for every j ∈ [m].
In this subsection, we prove the statement below that will be the key claim to
show Theorem 1.1. We will also derive Theorem 1.2 from it.
Theorem 2.3. Let X be the universal set of cardinality n, m ∈ [n], l ∈ [n]− [m],
and γ ∈ R>0 be sufficiently large not exceeding min
[
l
m2 ,
(
n
l
)]
. For every F ⊂ (Xm)
weighted by some w : F → R≥0 satisfying the Γw
(
14γmn
l
)
-condition, there are⌈(
n
l
)(
1− 23√γ
)⌉
sets Y ∈ (Xl ) such that(
1− 1
3
√
γ
) ( l
m
)(
n
m
) ‖F‖ < ∥∥∥∥
(
Y
m
)∥∥∥∥ <
(
1 +
1
3
√
γ
) ( l
m
)(
n
m
) ‖F‖ . 
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The rest of this subsection describes its proof. Given such m, l, γ and F , define
M =
{
(U, Y ) : U ∈ F , Y ∈
(
X
l
)
, U ⊂ Y
}
,
D =
{
(U, V, Y ) : U, V ∈ F , Y ∈
(
X
l
)
, U ∪ V ⊂ Y
}
,
Pj = {(U, V ) : U, V ∈ F , |U ∩ V | = j} ,
b =
14γmn
l
,
and δ =
3(1 + 2 ln 2)
2γ
+
1
4
+
1
2
ln
3
2
,
for j ∈ [0,m] ∩ Z, and
uj = j (− lnm+ 1) +
(
m− j + 1
2
)
ln
(
1− j
m
)
+ δ,
for j ∈ [0,m) ∩ Z. Extend the size function ‖·‖ to write
‖M‖ =
∑
(U,Y )∈M
w (U) , ‖D‖ =
∑
(U,V,Y )∈D
w (U)w (V ) ,
and ‖Pj‖ =
∑
(U,V )∈Pj
w (U)w (V ) .
Observe
A)
‖M‖ =
∑
Y ∈(Xl )
∥∥∥∥
(
Y
m
)∥∥∥∥ = ‖F‖
(
n−m
l −m
)
=
(
n
m
)(
n−m
l−m
)
e−κ(F) =
(
n
l
)(
l
m
)
e−κ(F),
and
‖D‖ =
∑
Y ∈(Xl )
∥∥∥∥
(
Y
m
)∥∥∥∥
2
=
∑
U,V ∈F
w (U)w (V )
(
n− |U ∪ V |
l − |U ∪ V |
)
=
∑
j≥0
‖Pj‖
(
n− 2m+ j
l− 2m+ j
)
.
B) For j ∈ [m− 1],
‖Pj‖ ≤ ‖F‖2
(
m
j
)
b−j =
(
n
m
)2
e−2κ(F)
(
m
j
)
b−j
<
(
n
m
)(
n−m
m− j
)(
m
j
)
exp
[
−2κ (F) + uj + j ln n
b
]
,
and (
l −m
m− j
)(
m
j
)
exp
(
uj + j ln
n
b
)
<
(
l
m
)
(2γ)−j ,
by the Γw (b)-condition of F , Lemma 2.2 and (2.3) with exp (1 + 2δ) < 7.
We show an upper bound on ‖D‖ with the remarks.
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Lemma 2.4.
‖D‖ < e
−2κ(F)
1− (2γ)−1
(
n
m
)(
l
m
)2
.
Proof. With the identity
(
x
z
)(
x−z
y−z
)
=
(
x
y
)(
y
z
)
, find that
m−1∑
j=1
‖Pj‖
(
n− 2m+ j
l − 2m+ j
)
<
m−1∑
j=1
(
n
m
)(
n−m
m− j
)(
m
j
)
e−2κ(F)+uj+j ln
n
b
(
n− 2m+ j
l − 2m+ j
)
=
(
n
m
)(
n−m
l −m
)
e−2κ(F)
m−1∑
j=1
(
l−m
m− j
)(
m
j
)
euj+j ln
n
b
<
(
n
l
)(
l
m
)2
e−2κ(F)
m−1∑
j=1
(2γ)−j ,
and
‖Pm‖
(
n−m
l −m
)
≤ ‖F‖2b−m
(
n−m
l −m
)
=
(
n
m
)2
e−2κ(F)b−m
(
n−m
l −m
)
=
(
n
l
)(
l
m
)2
e−2κ(F)
(
n
m
)
bm
(
l
m
) < (n
l
)(
l
m
)2
e−2κ(F) (2γ)−m .
Also,
‖P0‖ e2κ(F)
(
n− 2m
l − 2m
)
≤ ‖F‖2 e2κ(F)
(
n− 2m
l − 2m
)
=
(
n
m
)2(
n− 2m
l − 2m
)
=
(
n
m
)(
n−m
m
)(
n− 2m
l − 2m
) (n
m
)
(
n−m
m
) = (n
m
)(
n−m
l−m
)(
l −m
m
) (n
m
)
(
n−m
m
)
=
(
n
l
)(
l
m
)2 (n
m
)(
l−m
m
)
(
n−m
m
)(
l
m
) ≤ (n
l
)(
l
m
)2
.
The lemma follows those three. 
We also show a general fact regarding ‖D‖.
Lemma 2.5. Let l ∈ [n], m ∈ [l], t ∈ R>0, F ⊂
(
X
m
)
be weighted by w so that
0 < ‖D‖ ≤ t
(
n
l
)(
l
m
)2
e−2κ(F),
and u, v ∈ R>0 such that
u < 1, u
(
n
l
)
∈ Z, and t < uv2 + (1− uv)
2
1− u .
The two statements hold.
a) If v ≥ 1, more than (1− u)(nl) sets Y ∈ (Xl ) satisfy ∥∥∥(Ym)∥∥∥ < v( lm)e−κ(F).
b) If v ≤ 1, more than (1− u)(nl) sets Y ∈ (Xl ) satisfy ∥∥∥(Ym)∥∥∥ > v( lm)e−κ(F).
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Proof. a): Put
z = e−κ(F), and xj =
∥∥∥∥
(
Yj
m
)∥∥∥∥ ,
where Yj is the jth l-set in
(
X
l
)
, and z > 0 by ‖D‖ > 0. Suppose to the contrary
that xj ≥ vz
(
l
m
)
if 1 ≤ j ≤ u(nl).
Noting
∑
1≤j≤(nl) xj = ‖M‖ = z
(
n
l
)(
l
m
)
from the above A), let y ∈ (0, 1) satisfy
∑
1≤j≤u(nl)
xj = yz
(
n
l
)(
l
m
)
,
so y ≥ uv. Find
∑
1≤j≤u(nl)
x2j ≥
[
yz
(
n
l
)(
l
m
)
u
(
n
l
)
]2
u
(
n
l
)
=
y2z2
u
(
n
l
)(
l
m
)2
,
and
∑
u(nl)<j≤(nl)
x2j ≥
[
(1− y)z(nl)( lm)
(1 − u)(nl)
]2
(1− u)
(
n
l
)
=
(1− y)2z2
1− u
(
n
l
)(
l
m
)2
,
meaning
‖D‖ =
∑
Y ∈(nl)
∥∥∥∥
(
Y
m
)∥∥∥∥
2
≥ fz2
(
n
l
)(
l
m
)2
, where f =
y2
u
+
(1− y)2
1− u .(2.4)
From y ≥ uv ≥ u,
(2.5) f ≥ uv2 + (1− uv)
2
1− u > t.
This contradicts the given condition proving a).
b): Suppose xj ≤ vz
(
l
m
)
if 1 ≤ j ≤ u(nl). Use the same y and f so y ≤ uv and
(2.4). These also imply (2.5) producing the same contradiction. Thus b). 
Set
t =
1
1− (2γ)−1 , u =
⌊
1
3
√
γ
(
n
l
)⌋
(
n
l
) , v = 1 + u, and v′ = 1− u.
Then uv2 + (1−uv)
2
1−u = uv
′2 + (
1−uv′)2
1−u = 1 +
u3
1−u > t since γ ≤
(
n
l
)
is sufficiently
large. By Lemmas 2.4 and 2.5,
v′
(
l
m
)
e−κ(F) <
∥∥∥∥
(
Y
m
)∥∥∥∥ < v
(
l
m
)
e−κ(F),
for some (1− 2u) (nl) sets Y ∈ (Xl ). As e−κ(F) = ‖F‖(nm) , this means the desired
double inequality completing the proof.
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2.3. Proof of Theorem 1.2. In the rest of the paper, a family F ⊂ (Xm) is assumed
to have the unit weight unless defined otherwise, i.e., w(U) = 1 for U ∈ F . The
sparsity of F in the default case is
κ (F) = ln
(
n
m
)
− ln |F|.
The value depends on n = |X | as well as F , and |X | and F only. It could be
useful to express ln |F|: for example, |T | ≤ κ (F)/ ln ǫlm2λ for Theorem 1.2 and
κ (FX) < κ (F) +m we will see later as (3.1).
Remark the three statements.
A) κ [Ext (F , l)] ≤ κ (F) for l ∈ [n]−[m]. For there are |F|(n−ml−m) = (nm)e−κ(F)(n−ml−m) =(
n
l
)(
l
m
)
e−κ(F) set pairs (S, T ) such that S ∈ F , T ∈ (Xl ) and S ⊂ T . This means
|Ext (F , l) | ≥ (nl)e−κ(F) leading to the claim.
B) Join a p-set P to X such that P ∩ X = ∅. The sparsity of Ext (F ,m+ p) in
the universal set X ∪ P is at most κ (F) in X since
|Ext (F ,m+ p) | ≥
p∑
j=0
(
n
m+ j
)
e−κ(F)
(
p
p− j
)
=
(
n+ p
m+ p
)
e−κ(F).
C) The following lemma is proven in [5] and Appendix.
Lemma 2.6. For F ⊂ (Xm) such that m ≤ n2 ,
κ
[(
X
2m
)
− Ext (F , 2m)
]
≥ 2κ
[(
X
m
)
−F
]
. 
Assume |F| ≥ bm for some b ∈ R>1. There exists T ⊂ X such that |T | < m,
|F [T ]| ≥ bm−|T |, and |F [T ∪ S]| ≤ bm−|T∪S| for any nonempty S ⊂ X − T . We
consider such F [T ] in place of F in our proof of Theorem 1.1, i.e., nonempty F
such that
|F [S]| ≤ |F|b−|S|,
for any S ⊂ X . Observe that if F satisfies this Γ (b)-condition in X , it also satisfies
the Γw (b)-condition with the unit weight w, since∑
U,V∈F
|U∩V |=j
w(U)w(V ) ≤
∑
S∈(Xj )
|F [S]|2 ≤ |F|2
(
m
j
)
b−j,
for each j ∈ [m].
By Theorem 2.3:
Corollary 2.7. Let X,n,m, l and γ be given as Theorem 2.3. For any F ⊂ (Xm)
satisfying the Γ
(
14γnm
l
)
-condition in X, there are
⌈(
n
l
) (
1− 23√γ
)⌉
sets Y ∈ (Xl )
such that (
l
m
)|F|(
n
m
) (1− 1
3
√
γ
)
<
∣∣∣∣F ∩
(
Y
m
)∣∣∣∣ <
(
l
m
)|F|(
n
m
) (1 + 1
3
√
γ
)
. 
We derive Theorem 1.2 from the corollary. Given sufficiently small ǫ, m, l, λ and
F as the statement, set
l0 =
⌊
l
√
ǫ
λ
⌋
, γ =
1
4
√
ǫ
, and b =
14γmn
l0
.
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Then γ is sufficiently large, and is less than min
[
l0
m2 ,
(
n−m
l0−m
)]
since 1 < λ < ǫlm2
and n ≥ l mean n > ǫ−1.
There exists a set T such that |T | ≤ κ (F)/ ln ǫlm2λ and F [T ] satisfies the Γ (b)-
condition in X − T : because the cardinality j of such T satisfies
|F|b−j ≤ |F [T ]| ≤
(
n− j
m− j
)
,
⇒ b−j
( n
m
)j
≤ b−j
j−1∏
j′=0
n− j′
m− j′ =
(
n
m
)
(
n−j
m−j
)b−j ≤ eκ(F),
⇒ j ≤ κ (F)
ln ǫlm2λ
.
Assume j < m, otherwise the desired claim is trivially true.
Apply Corollary 2.7 to F [T ] noting l0m2 ≤ l0−j(m−j)2 and b ≥ 14γ(m−j)(n−j)l0−j . We
have
|Ext (F [T ], l0)| >
(
n− j
l0 − j
)(
1− 2
3
√
γ
)
,
from which
|Ext (F [T ], l)| >
(
n− j
l − j
)(
1− e−λ) ,
proving Theorem 1.2. The truth of the last inequality is due to Lemma 2.6: as
l−j
l0−j ≥ λǫ−1/2, it means
κ
[(
X
l
)
− Ext (F [T ], l)
]
≥ 2
⌊
log2
l−j
l0−j
⌋
κ
[(
X
l0
)
− Ext (F [T ], l0)
]
> λ,
in the universal set X − T leading to the inequality.
2.4. For a Generalized Weight Function. Instead of the weight w on F , let us
consider w˜ : F × F → Z≥0 such that
(2.6)
∑
U,V∈F
|U∩V |=j
w˜ (U, V ) ≤ hb−j
(
m
j
) ∑
U,V ∈F
w˜ (U, V ) ,
for some b, h ∈ R>1 and every j ∈ [m]. If this is true with
∑
U,V ∈F w˜ (U, V ) > 0,
we say that such F weighted by w˜ satisfies the Γw˜(b, h)-condition. Denote
‖Pj‖w˜ =
∑
(U,V )∈Pj
w˜ (U, V ) , ‖F × F‖w˜ =
∑
U,V ∈F
w˜ (U, V ) ,
‖D‖w˜ =
∑
(U,V,Y )∈D
w˜ (U, V ) , and κ˜ (F × F) = 2 ln
(
n
m
)
− ln ‖F × F‖w˜.
Given n, l,m and γ as in Theorem 2.3, suppose F satisfies the Γw˜ (b, h)-condition
for b = 14γnml and some h. Then
‖Pj‖w˜ ≤ hb−j
(
m
j
)
‖F × F‖w˜ = hb−j
(
m
j
)(
n
m
)2
e−κ˜(F×F),
for every j ∈ [m].
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We find
‖D‖w˜ < he
−κ˜(F×F)
1− (2γ)−1
(
n
l
)(
l
m
)2
,
similarly to Lemma 2.4: it is due to
m−1∑
j=1
‖Pj‖w˜
(
n− 2m+ j
l − 2m+ j
)
≤
m−1∑
j=1
hb−j
(
m
j
)(
n
m
)2
e−κ˜(F×F)
(
n− 2m+ j
l − 2m+ j
)
< h
m−1∑
j=1
(
n
m
)(
n−m
m− j
)(
m
j
)
e−κ˜(F×F)+uj+j ln
n
b
(
n− 2m+ j
l − 2m+ j
)
= h
(
n
m
)(
n−m
l −m
)
e−κ˜(F×F)
m−1∑
j=1
(
l −m
m− j
)(
m
j
)
euj+j ln
n
b
< h
(
n
l
)(
l
m
)2
e−κ˜(F×F)
m−1∑
j=1
(2γ)−j ,
and
‖Pm‖w˜
(
n−m
l−m
)
≤
(
n
m
)2
e−κ˜(F×F)b−m
(
n−m
l −m
)
<
(
n
m
)(
l
m
)2
e−κ˜(F×F) (2γ)−m ,
in addition to
‖P0‖w˜
(
n− 2m
l − 2m
)
≤
(
n
l
)(
l
m
)2
e−κ˜(F×F).
The average weight sum inside an l-set Y is therefore less than
he−κ˜(F×F)
1− (2γ)−1
(
l
m
)2
=
h
(
l
m
)2(
1− 12γ
) (
n
m
)2 ‖F × F‖w˜.
We have the following statement.
Corollary 2.8. Let X,n,m, l, γ be given as Theorem 2.3, and let F ⊂ (Xm) be
weighted by w˜ : F × F → Z≥0 satisfying the Γw˜
(
14γnm
l , h
)
-condition for some
h ∈ R>1. For each ǫ ∈ (0, 1), there are
⌈
(1− ǫ) (nl)⌉ sets Y ∈ (Xl ) such that∑
U,V ∈F∩(Ym)
w˜ (U, V ) <
h
(
l
m
)2
ǫ
(
1− 12γ
) (
n
m
)2 ∑
U,V ∈F
w˜ (U, V ) . 
3. Splitting the Universal Set
Let
m ∈ [n− 1], d = n
m
∈ Z≥2, j ∈ [0,m] ∩ Z,
and
Xj = {(X1, X2, . . . , Xj) : Xi are pairwise disjoint d-sets} ,
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for j ≥ 1. An element X ∈ Xm is said to be an m-split of X . Define
FX = {U : U ∈ F , and |U ∩Xi| = 1 for every i ∈ [j]} ,
for F ⊂ (Xm) and X = (X1, X2, . . . , Xj) ∈ Xj , and
TF ,j = {(U,X) : X ∈ Xj and U ∈ FX} .
For j = 0, let X0 = {∅} and F∅ = F so |TF ,0| = |F|.
Prove the following lemma.
Lemma 3.1. With X,n,m and d given above,
|TF ,j | = dj
(
n− dj
m− j
)
e−κ(F)
j−1∏
i=0
(
n− di
d
)
,
for every j ∈ [0,m) ∩ Z and F ⊂ (Xm).
Proof. We show the claim by induction on j with the trivial basis j = 0. Assume
true for j and prove for j + 1. Fix any X = (X1, X2, . . . , Xj) ∈ Xj putting
X ′ = X −
j⋃
i=1
Xi, m
′ = m− j, and γX = |FX |
dj
(|X′|
m′
) .
Also write
X
′ = (X1, X2, . . . , Xj, Xj+1) ,
for any Xj+1 ∈
(
X′
d
)
.
For each U ∈ FX , there arem′
(|X′|−m′
d−1
)
setsXj+1 ∈
(
X′
d
)
such that |U ∩Xj+1| =
1. So the number of
(
U,X ′
) ∈ TF ,j+1 including the fixed X ∈ Xj is
m′
(|X ′| −m′
d− 1
)
|FX | = m′
(|X ′| −m′
d− 1
)
γXd
j
(|X ′|
m′
)
= γXd
j |X ′|
(|X ′| −m′
d− 1
)(|X ′| − 1
m′ − 1
)
= γXd
j |X ′|
(|X ′| − d
m′ − 1
)(|X ′| − 1
d− 1
)
= γXd
j+1
(|X ′|
d
)(|X ′| − d
m′ − 1
)
.
Note |X ′| > m′ + d− 1 from j + 1 ≤ m− 1 and |X ′| = n− dj.
By induction hypothesis,
∑
X∈Xj
|FX | = |TF ,j| = dj
(|X ′|
m′
)
e−κ(F)
j−1∏
i=0
(
n− di
d
)
,
⇒
∑
X∈Xj
γX = e
−κ(F)
j−1∏
i=0
(
n− di
d
)
.
Hence,
|TF ,j+1| =
∑
X∈Xj
γXd
j+1
(|X ′|
d
)(|X ′| − d
m′ − 1
)
= dj+1
(
n− d(j + 1)
m− j − 1
)
e−κ(F)
j∏
i=0
(
n− di
d
)
,
proving the induction step. The lemma follows. 
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It means |TF ,m−1| = dme−κ(F) |Xm−1| . By the natural bijection between Xm−1
and Xm,
|TF ,m| = dme−κ(F) |Xm| .
Considering the case m = n as well, we have:
Corollary 3.2. For a family F ⊂ (Xm) such that m divides n = |X |, there exists
an m-split X of X such that |FX | ≥
(
n
m
)m |F|/(nm). 
By (2.3), the sparsity of FX meets
(3.1) κ (FX) = ln
(
n
m
)
− ln
( n
m
)m
e−κ(F) < κ (F) +m.
4. Proof of Theorem 1.1
Let ǫ ∈ (0, 1) be sufficiently small depending on no other variables. Denote
i ∈ [3], ci = 22(4−i)/ǫ , α =
4
√
m
c1
, β =
⌊
c3
4
√
m
⌋
,
q =
⌊
m
3
4
⌋
, r =
⌊
m
q
⌋
, and j ∈ [r + 1].
We are wlog given F ⊂ (Xm) satisfying the following.
- n = |X | is larger than m3 and divisible by m. Otherwise add some extra elements
to X .
- By Corollary 3.2, F = FX for some m-split X = (X1, X2, . . . , Xm) of X .
- |F| ≥ (mα )m, and the Γ (mα )-condition of F in X .
- m > 116c
4
1, otherwise 2m ≤ mα so F includes a 3-sunflower by the sunflower lemma
[8].
There exist r mutually disjoint subsets Z1, Z2, . . . , Zr ⊂ X such that Zj is the
union of q sets Xk of X (k ∈ [m]) if j < r, and Zr is that of qˆ sets Xk where
qˆ = m− (r − 1)q. For simplicity we also assume
|Zj ∩ U | = q,
for every j ≤ r and U ∈ F , as the exact value of qˆ ∈ [2q − 1]− [q − 1] only affects
the rest of the proof trivially.
For each given j ≤ r, let
bj =
m
c2α
(
1− 1
r
)2(j−1)
,
p ∈ [j, r] ∩ Z,
and Vj = {(vj , vj+1, . . . , vr) : vp ∈ [0, q] ∩ Z} .
Consider a row vector
v = (vj , vj+1, . . . , vr) ∈ Vj .
Its 1-norm is denoted by | · |, i.e.,
|v| =
r∑
p=j
vp.
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v is said to be the jth cardinality vector of a set S if |v| = |S|, and vp = |S ∩ Zp|
for every p.
We consider cardinality vectors in Vβj ∪ VZj ⊂ Vj where
Vβj
def
= {v : |v| > β} ,
and VZj def= {v : vp = 0 for all p > j} .
It is our convention to denote an element of given v by vp. Zero vectors are written
as 0. Also define
Sj (v) = {S : v is the jth cardinality vextor of S} ,
v
β
j =
(
β2, β2, . . . , β2
) ∈ Vβj ,
vβr+1 = ∅, and Sr+1(∅) = {∅} .
We verify the following property for every j ∈ [r + 1].
Property Πj .
∃F1 ⊂ F ∀E2 ∈ Sj
(
v
β
j
)
∃F2 ⊂ F ∩
(
X − E2
m
)
∀E3 ∈ Sj
(
v
β
j
)
∃F3 ⊂ F ∩
(
X − E2 − E3
m
)
,
such that for each i ∈ [3]:
i) |Fi| > |F|ǫjq ,
ii) ∑
v∈V
β
j
S∈Sj(v)
|Fi[S]|2
b
−|v|
j
∏r
p=j
(
q
vp
) < |Fi|2,
if j ≤ r, and
iii) U ∩ U ′ ∩⋃j′∈[j−1] Zj′ = ∅ for each U ∈ Fi and U ′ ∈ Fi′ such that i, i′ ∈ [3]
and i 6= i′.
It is clear that Πr+1 means Theorem 1.1. We prove Πj by induction on j. For
the basis j = 1, choose F1 = F , F2 = F ∩
(
X−E2
m
)
and F3 = F ∩
(
X−E2−E3
m
)
for
each given E2, E3 ∈ S1
(
v
β
1
)
. By the Γ
(
m
α
)
-condition of F ,
|Fi| ≥ |F|
(
1− 2|Ei|α
m
)
≥ |F|
(
1− 2αβ
2r
m
)
>
1
2
|F|.
The three families Fi satisfy i) and iii) of Π1, and the Γ
(
m
2α
)
-condition in X .
To confirm ii) of Π1, we see:
a)
∑
S∈S1(v) |Fi[S]|2 ≤ |Fi|2
(
m
2α
)−|v|∏r
p=1
(
q
vp
)
for every v ∈ V1. For there are∏r
p=1
(
q
vp
)
sets S ∈ S1 (v)∩
(
U
|v|
)
for each U ∈ Fi, and |Fi[S]| ≤ |Fi|
(
m
2α
)−|v|
by
the Γ
(
m
2α
)
-condition of Fi.
b) There are at most
(
v+r−1
r−1
)
cardinality vectors v ∈ V1 such that |v| is a given
integer v ∈ Z≥0. The number equals that of ways to choose v items out of r
allowing repetition.
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c) For each v ∈ Vβ1 ,(|v|+ r − 1
r − 1
)
<
(|v|+ r
|v|
)
<
(
e+
er
|v|
)|v|
< 3|v|,
by (2.3) and |v| > β. It means
(m
2α
)−|v| r∏
p=1
(
q
vp
)
<
(
c2b1
6
)−|v|(|v|+ r − 1
r − 1
)−1 r∏
p=1
(
q
vp
)
.
Hence,
∑
v∈V
β
1
S∈S1(v)
|Fi[S]|2
b
−|v|
1
∏r
p=1
(
q
vp
) < ∑
β<v≤m
(c2
6
)−v
|Fi|2 < |Fi|2,
verifying ii) of Π1. We have shown the basis of induction.
Assume Πj and prove Πj+1. Denote Fi andEi of Πj+1 by Fˆi and Eˆi, respectively.
We construct those in five steps.
Step 1. Find a sufficiently small set S1 such that F1[S1] later includes Fˆ1. Given
F1 of Πj , write
i = 1, b =
(
1− 1
r
)
bj ,
and S (v, B) = {S : S ∈ Sj (v) , S ∩B = ∅} , for B ⊂ X,
for simplicity. Let v be a maximal cardinality vector in VZj such that
(4.1)
∑
S∈S(v,∅)
|Fi[S]|2
b−|v|
∏r
p=j
(
q
vp
) ≥ |Fi|2.
As it holds for v = 0, and by ii) of Πj , there exists such v whose norm is at most β.
Although vp = 0 for p > j, we express v as (vj , vj+1, . . . , vr) for clear exposition.
Also denote by u = (uj , uj+1, . . . , ur) another cardinality vector in Vj .
Below we prove the existence of S ∈ S (v, ∅) satisfying the following three:
1)
∑
u∈V
β
j
T∈S(u,S)
|Fi[S ∪ T ]|2
b−|u|
∏r
p=j
(
q−vp
up
) ≤ |Fi[S]|2.
2)
∑
u∈VZ
j
−{0}
T∈S(u,S)
|Fi[S ∪ T ]|2(
b
8
)−|u|∏r
p=j
(
q−vp
up
) ≤ |Fi[S]|2.
3) |Fi[S]| ≥ 1
3
|Fi|b−|v|.
Observe here that ∑
S∈S(v,∅)
such that ¬3)
|Fi[S]|2
b−|v|
∏r
p=j
(
q
vp
) < |Fi|2
3
,
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similarly to a) in the proof of Π1. Therefore if there were no S ∈ S (v, ∅) such that
1) ∧ 2) ∧ 3), one of the following would be true:
-
∑
S∈S(v,∅)
such that ¬1)
|Fi[S]|2
b−|v|
∏r
p=j
(
q
vp
) > |Fi|2
3
.
-
∑
S∈S(v,∅)
such that ¬2)-u
|Fi[S]|2
b−|v|
∏r
p=j
(
q
vp
) > |Fi|2
4uj
,
for some u = (uj, uj+1, . . . , ur) ∈ VZj − {0} ,
where ¬2)-u means ∑
T∈S(u,S)
|Fi[S ∪ T ]|2(
b
8
)−|u|∏r
p=j
(
q−vp
up
) > |Fi[S]|22uj .
Call the two cases Case 1 and 2, respectively.
We show a contradiction in Case 1. Consider quadruples (S, T,W,W ′) of sets
such that W,W ′ ∈ Fi[S ∪ T ]. Their number meets∑
S∈S(v,∅)
such that ¬1)
∑
u∈V
β
j
T∈S(u,S)
#(S, T,W,W ′)
b−|v|−|u|
∏r
p=j
(
q
vp+up
)(
vp+up
vp
)(4.2)
=
∑
S∈S(v,∅)
such that ¬1)
1
b−|v|
∏r
p=j
(
q
vp
) ∑
u∈V
β
j
T∈S(u,S)
|Fi[S ∪ T ]|2
b−|u|
∏r
p=j
(
q−vp
up
)
>
∑
S∈S(v,∅)
such that ¬1)
|Fi[S]|2
b−|v|
∏r
p=j
(
q
vp
)
>
1
3
|Fi|2.
We find
(4.3)
∑
v
′∈V
β
j
S′∈S(v′,∅)
|Fi[S′]|2
b−|v′|
∏r
p=j
(
q
v′p
) > 1
3
|Fi|2,
denoting v′ =
(
v′j , v
′
j+1, . . . , v
′
r
) ∈ Vβj as follows: consider each v′ = v+u for some
u ∈ Vβj , all sets S′ ∈ S (v′, ∅), and triples (S′,W,W ′) such that W,W ′ ∈ Fi[S′].
Let γv′ ∈ R≥0 such that∑
S′∈S(v′,∅)
#(S′,W,W ′) =
∑
S′∈S(v′,∅)
|Fi[S′]|2 = γv′ |Fi|2b−|v′|
r∏
p=j
(
q
v′p
)
.
Each (S′,W,W ′) produces
∏r
p=j
(
v′p
vp
)
quadruples (S, T,W,W ′) such that S∪T = S′,
S ∈ S (v, ∅), and T ∈ S(u, S). So∑
S∈S(v,∅)
T∈S(u,S)
#(S, T,W,W ′)
b−|v′|
∏r
p=j
(
q
v′p
)(
v′p
vp
) = γv′ |Fi|2.
Summing it up for all v′, we see ¬(4.3) ⇒ ¬(4.2). Hence (4.3).
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Since b =
(
1− 1r
)
bj , |v′| > β and 4
√
m+1 > r > 4
√
m− 1 ≥ 12c1− 1, (4.3) means∑
v
′∈V
β
j
S′∈S(v′,∅)
|Fi[S′]|2
b
−|v′|
j
∏r
p=j
(
q
v′p
) > 3 ∑
v
′∈V
β
j
S′∈S(v′,∅)
|Fi[S′]|2
b−|v′|
∏r
p=j
(
q
v′p
) > |Fi|2,
contradicting ii) of Πj . So Case 1 is impossible to occur.
In Case 2, u = (uj , 0, . . . , 0) 6= 0 and v′ = v + u ∈ VZj are fixed. We have∑
S∈S(v,∅)
such that ¬2)-u
∑
T∈S(u,S)
#(S, T,W,W ′)
b−|v|−|u|
∏r
p=j
(
q
vp+up
)(
vp+up
vp
)
=
∑
S∈S(v,∅)
such that ¬2)-u
1
b−|v|
∏r
p=j
(
q
vp
) ∑
T∈S(u,S)
|Fi[S ∪ T ]|2
b−|u|
∏r
p=j
(
q−vp
up
)
>
∑
S∈S(v,∅)
such that ¬2)-u
4uj |Fi[S]|2
b−|v|
∏r
p=j
(
q
vp
)
> |Fi|2.
Similarly to the above, ∑
S′∈S(v′,∅)
|Fi[S′]|2
b−|v′|
∏r
p=j
(
q
v′p
) > |Fi|2,
contradicting the maximality of v ∈ VZj such that (4.1). So this case does not occur
either. We have shown 1) ∧ 2) ∧ 3) for some S ∈ S (v, ∅).
Choose any such S as S1. We will select a sub-family of F1[S1] as Fˆ1.
Step 2. Find Si similarly for i ∈ {2, 3}. Choose sub-families F ′i ⊂ Fi[Si]. We
construct a similar set S2 for each given Eˆ2 ∈ Sj+1
(
v
β
j+1
)
. First identify the
elements x ∈ Zj − S1 such that
|F1[S1 ∪ {x}]| ≥ |F1[S1]|
5β
.
There are less than 13β
2 such x otherwise contradicting 2) of Step 1. Let S′1 be the
set of all such x joined with S1, so |S′1| < 12β2.
Choose any E2 ∈ Sj
(
v
β
j
)
containing Eˆ2 ∪ S′1. This determines F2 of Πj , for
which we perform the same construction as Step 1 to obtain a set S2. It satisfies
|S2| ≤ β and 1)-3) of Step 1 with S = S2.
To construct S3, let S
′
2 be the set of x ∈ Zj − S2 such that |F2[S2 ∪ {x}]| ≥
(5β)
−1 |F2[S2]|, joined with S2. For each given Eˆ3 ∈ Sj+1
(
v
β
j+1
)
, we choose any
E3 ∈ Sj
(
v
β
j
)
containing Eˆ3 ∪S′1 ∪S′2. This decides F3 of Πj . Obtain S3 similarly.
As a result:
A) Si are mutually disjoint subsets of Zj such that |Si| ≤ β,
B) 1)-3) of Step 1 with S = Si, and
C) |Fi[Si ∪ {x}]| < (5β)−1 |Fi[Si]| for each i ∈ [3] and x ∈ Si′ such that i′ ∈
[3]− {i}.
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We now set
(4.4) F ′i = Fi[Si] ∩
(
X −⋃i′∈[3]−{i} Si′
m
)
,
for i ∈ [3]. By A)–C), they meet:
D) |F ′i | > 12 |Fi[Si]| ≥ 16 |Fi|b−|Si| > |Fi|2−q.
E) With v = (vj , vj+1, . . . , vr) ∈ VZj being the cardinality vector of Si,
∑
u∈V
β
j
T∈S(u,Si)
|F ′i [T ]|2
b−|u|
∏r
p=j
(
q−vp
up
) < 4|F ′i |2,
and
∑
u∈VZ
j
−{0}
T∈S(u,Si)
|F ′i [T ]|2(
b
32
)−|u|∏r
p=j
(
q−vp
up
) < |F ′i |2.
Step 3. Construct a family Yi of Y ∈
( Zj−Si
⌊|Zj−Si|/4⌋
)
such that F ′i ∩
(
X−Zj∪Si∪Y
m
)
is
sufficiently large. Fix each i ∈ [3]. In addition to the terminology defined so far,
write
Z ′j = Zj − Si, n′ = |Z ′j |, q′ = q − |Si|,
H =
(
Z ′j
q′
)
, γ = 8ǫ−3, F ′ = F ′i ,
and w : H → Z≥0, V 7→ |F ′[V ]|.
Obvious floor functions are omitted in the rest of the proof.
The family H defined in the universal set Z ′j is weighted by w satisfying the
Γw
(
b
32
)
-condition, since
∑
V,V ′∈H
|V∩V ′|=u
w(V )w(V ′) ≤
∑
T∈S(u,Si)
|F ′[T ]|2 < ‖H‖2
(
b
32
)−u(
q′
u
)
,
for each u ∈ [q′] where u = (u, 0, . . . , 0) ∈ VZj . The second inequality in the line is
due to E) of Step 2 as the size ‖H‖ defined in Section 2.2 equals |F ′|.
Apply Theorem 2.3 to H noting
b
32
>
m
32c2α
(
1− 1
r
)2r
>
14γq′n′
n′/4
.
There exists Yi ⊂
( Z′j
n′/4
)
such that |Yi| ≥
(
n′
n′/4
) (
1− 23√γ
)
, and
(4.5) |FY,i| >
(
n′/4
q′
)
(
n′
q′
) |F ′|(1− 1
3
√
γ
)
for every Y ∈ Yi where
FY,i
def
= F ′ ∩
(
X − Z ′j ∪ Y
m
)
.
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Step 4. Remove Y from Yi such that
∑
T∈Sj+1(u) |FY,i[T ]|2 is too large for any
u ∈ Vβj+1. Skip this step if j = r. Define
w˜ : H×H → Z≥0, (V, V ′) 7→
∑
u∈V
β
j+1
T∈Sj+1(u)
|F ′[V ∪ T ]| |F ′[V ′ ∪ T ]|
b−|u|
∏r
p=j+1
(
q
up
) .
We verify the Γw˜ (b, h)-condition of H with h given below. From E) of Step 2
with v = (vj , vj+1, . . . , vp) such that q
′ = q − vj , find that∑
u∈[q′ ]
V,V ′∈H, |V∩V ′|=u
w˜ (V, V ′)
b−u
(
q′
u
)
=
∑
u∈[q′ ]
V,V ′∈H, |V∩V ′|=u
1
b−u
(
q−vj
u
) ∑
u∈V
β
j+1
T∈Sj+1(u)
|F ′[V ∪ T ]| |F ′[V ′ ∪ T ]|
b−|u|
∏r
p=j+1
(
q
up
)
≤
∑
u
′∈V
β
j
T ′∈S(u′,Si)
|F ′[T ′]|2
b−|u′|
∏r
p=j
(
q−vp
u′p
)
< 4|F ′|2,
where u = (uj+1, uj+2, . . . , ur) and u
′ =
(
u′j, u
′
j+1, . . . , u
′
r
)
. With the same nota-
tion as in Section 2.4,
‖H ×H‖w˜ =
∑
V,V ′∈H
w˜ (V, V ′) =
∑
u∈V
β
j+1
T∈Sj+1(u)
|F ′[T ]|2
b−|u|
∏r
p=j+1
(
q
up
) .
Put h = 4|F ′|2 ‖H ×H‖−1w˜ . It is greater than 1, otherwise
4|F ′|2 ≤
∑
u∈V
β
j+1
T∈Sj+1(u)
|F ′[T ]|2
b−|u|
∏r
p=j+1
(
q
up
) ≤ ∑
u
′∈V
β
j
T ′∈S(u′,Si)
|F ′[T ′]|2
b−|u′|
∏r
p=j
(
q−vp
u′p
) < 4|F ′|2.
Since ∑
u∈[q′]
V,V ′∈H, |V∩V ′|=u
w˜ (V, V ′)
b−u
(
q′
u
) < h ‖H ×H‖w˜ ,
the family H weighted by w˜ indeed satisfies the Γw˜ (b, h)-condition.
Apply Corollary 2.8 to H. There are
⌈
(1− ǫ) ( n′n′/4)⌉ sets Y ∈ ( Z′jn′/4) such that
∑
u∈V
β
j+1
T∈Sj+1(u)
|FY,i[T ]|2
b−|u|
∏r
p=j+1
(
q
up
) = ∑
V,V ′∈H∩(Yq′)
w˜ (V, V ′)
<
h
(
n′/4
q′
)2
ǫ
(
1− 12γ
) (
n′
q′
)2 ∑
V,V ′∈H
w˜ (V, V ′) <
5
(
n′/4
q′
)2
ǫ
(
n′
q′
)2 |F ′|2 < 6ǫ |FY,i|2,
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by (4.5). As b = bj+1
(
1− r−1)−1, |u| > β and |r − 4√m| < 1, the inequality means
(4.6)
∑
u∈V
β
j+1
T∈Sj+1(u)
|FY,i[T ]|2
b
−|u|
j+1
∏r
p=j+1
(
q
up
) < |FY,i|2.
Delete Y such that ¬(4.6) from Yi. Now the family satisfies |Yi| ≥ (1− 2ǫ)
(
n′
n′/4
)
,
and (4.5) ∧ (4.6) for every Y ∈ Yi.
Step 5. Determine Fˆi of Πj+1. Yi is a sub-family of
(Zj−Si
n′/4
)
. Extend the n′/4-sets
to n′′-sets in the universal set Zj where n′′ = n
′
4 + |Si|. By Remark B) of Section
2.3, the obtained family Ext (Yi, n′′) has a cardinality at least
⌈(|Zj |
n′′
)
(1− 2ǫ)
⌉
.
This means there exist⌈(|Zj |
n′′
)(|Zj | − n′′
n′′
)(|Zj | − 2n′′
n′′
)
(1− 6ǫ)
⌉
tripes (Y ′1 , Y
′
2 , Y
′
3) such that Y
′
i ∈ Ext (Yi, n′′), and Y ′i are mutually disjoint. Fix
such a triple (Y ′1 , Y
′
2 , Y
′
3).
For each i, choose any Y ∈ Yi ∩
( Y ′i
n′/4
)
setting Fˆi = FY,i. This completes our
construction of Fˆ1, Fˆ2 for each given Eˆ2, and Fˆ3 for each Eˆ3.
The obtained three families Fˆi are sub-families of F ′i such that A)–E) of Step 2,
(4.4) ∧ (4.5), and (4.6) if j < r. Also Y ′i are mutually disjoint, and
Fˆi ≥
(
n′/4
q′
)
(
n′
q′
) |F ′i |
(
1− 1
3
√
γ
)
> 5−q
′ |F ′i | > ǫq|Fi|,
by D) and (4.5). Therefore Πj+1. We have proven the induction step Πj ⇒ Πj+1.
We now have Theorem 1.1.
Appendix: Proofs of Some Claims in Section 2
Lemma 2.1. For two integers x, y ∈ Z>0 such that x > y,
1
12x+ 1
− 1
12y
− 1
12(x− y) < z <
1
12x
− 1
12y + 1
− 1
12(x− y) + 1 ,
where z = ln
(
x
y
)
− y
[
ln
x
y
+ 1− s
(y
x
)]
− 1
2
ln
x
2πy(x− y) .
Proof. Stirling’s approximation in form of double inequality is known as
√
2πn
(n
e
)n
exp
(
1
12n+ 1
)
< n! <
√
2πn
(n
e
)n
exp
(
1
12n
)
,
for any n ∈ Z>0 [9]. By this we find
1
12x+ 1
− 1
12y
− 1
12(x− y) < ln
(
x
y
)
u
<
1
12x
− 1
12y + 1
− 1
12(x− y) + 1 ,
where u =
√
x
2πy(x− y)
xx
yy(x− y)x−y .
Since ln x
x
yy(x−y)x−y = y
[
ln xy + 1− s
(
y
x
)]
by (2.1), it proves the lemma. 
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Lemma 2.2. For every x, y ∈ Z>0 such that x ≥ 3y, and j ∈ [0, y) ∩ Z,∣∣∣∣ln
(
x
y
)
− ln
(
x− y
y − j
)
− j
(
ln
x
y
+ 1
)
−
(
y − j + 1
2
)
ln
(
1− j
y
)∣∣∣∣
<
3y
2x
(j + 2y ln 2) +
1
4
+
1
2
ln
3
2
.
Proof. Observe the following.
A)
∣∣∣ln ( xy−j)− ln (x−yy−j)∣∣∣ < 3y2 ln 2x , since
1 <
(
x
y−j
)
(
x−y
y−j
) <
[(
1− y
x− y
)− x−yy ] y2x−y
≤ 4 y
2
x−y ≤ exp
(
3y2 ln 4
2x
)
,
by x ≥ 3y.
B) By (2.2), the difference between (y − j)s (y−jx ) and ys ( yx) is no more than∑
i≥1
yi+1 − (y − j)i+1
i(i+ 1)xi
=
∑
i≥1
j
∑i
l=0 y
l(y − j)i−l
i(i+ 1)xi
≤
∑
i≥1
jyi
ixi
≤ 3jy
2x
.
C) Put
u1 = −(y − j)s
(
y − j
x
)
+
1
2
ln
x
x− y + j .
By Lemma 2.1, ln
(
x
y−j
)
equals
(y − j)
(
ln
x
y − j + 1
)
+
1
2
ln
1
2π(y − j) + u1
= (y − j)
(
ln
x
y
+ 1
)
+
1
2
ln
1
2πy
−
(
y − j + 1
2
)
ln
(
1− j
y
)
+ u1,
with an error less than 112
(
1
y−j +
1
x−y+j
)
≤ 18 .
D) Also ln
(
x
y
)
equals y
(
ln xy + 1
)
+ 12 ln
1
2πy + u2 with an error less than
1
8 , where
u2 = −ys
(y
x
)
+
1
2
ln
x
x− y .
E) By B) and 0 < ln xx−y − ln xx−y+j = ln
(
1 + jx−y
)
< ln 32 ,
|u1 − u2| < 3jy
2x
+
1
2
ln
3
2
.
Therefore the difference between ln
(
x
y
)
and
ln
(
x−y
y−j
)
+j
(
ln xy + 1
)
+
(
y − j + 12
)
ln
(
1− jy
)
is less than 3y
2 ln 2
x +
(
3jy
2x +
1
2 ln
3
2
)
+
1
8 +
1
8 , proving the lemma. 
Lemma 2.6. For F ⊂ (Xm) such that m ≤ n2 ,
κ
[(
X
2m
)
− Ext (F , 2m)
]
≥ 2κ
[(
X
m
)
−F
]
.
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Proof. For each S ∈ (Xm)−F and j ∈ [0,m] ∩ Z, let
Fj = {T − S : T ∈ F , |T − S| = j} .
There exists j such that κ (Fj) in the universal set X − S is at most κ (F) in X,
otherwise
|F| <
∑
j≥0
(
m
m− j
)(
n−m
j
)
e−κ(F) =
(
n
m
)
e−κ(F) = |F|.
TakingExt (Fj,m) inX−S with Remark A) of Sec. 2.3, we see there are
⌈(
n−m
m
)
e−κ(F)
⌉
pairs (S,U) such that U ∈ (X−Sm ) and S ∪ U ∈ Ext (F , 2m) for each S ∈ (Xm)−F .
Now consider all pairs (S,U) such that S and U are disjoint m-sets, and S ∪
U ∈ Ext (F , 2m). Their total number is at least (nm)(n−mm ) = ( n2m)(2mm ) times
(1− z) + z(1− z) = 1− z2 where z = e−κ[(Xm)−F].
As a 2m-set produces at most
(
2m
m
)
pairs (S,U), there are at least
⌈(
n
2m
)
(1− z2)⌉
sets in Ext (F , 2m). The lemma follows. 
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